Abstract. We prove that generous non-nilpotent Borel subgroups of connected minimal simple groups of finite Morley rank are self-normalizing. We use this to introduce a uniform approach to the analysis of connected minimal simple groups of finite Morley rank through a case division incorporating four mutually exclusive classes of groups. We use these to analyze Carter subgroups and Weyl groups in connected minimal simple groups of finite Morley rank. Finally, the self-normalization theorem is applied to give a new proof of an important step in the classification of simple groups of finite Morley rank of odd type.
Introduction
The theory of groups of finite Morley rank has become a well-established branch of the model theory of groups. Most research is centered around the analysis of the infinite simple ones and more precisely the following conjecture independently stated by Gregory Cherlin and Boris Zil'ber.
Algebraicity Conjecture (Cherlin-Zil'ber): An infinite simple group of finite Morley rank, seen as a pure group structure, is a linear algebraic group over an algebraically closed field.
The most important advances in the analysis of the infinite simple groups of finite Morley rank have drawn upon three mathematical resources: the theory of linear algebraic groups over algebraically closed fields, the classification of the finite simple groups, and the analysis of the inherent structure of groups of finite Morley rank using a kind of geometric approach that relying on genericity arguments.
As in the classification of the finite simple groups, the most difficult questions, some of which are still open, have arisen in the analysis of "small" simple groups, in particular, the connected minimal simple groups. These are the ones whose proper, definable, connected subgroups are solvable. Their analysis, that widely varies from one configuration to another, nevertheless permits impressive achievements as soon as the definable subgroup structure is sufficiently rich, a phenomenon reminiscent of the Feit-Thompson theorem in finite group theory. The fundamental articles [CJ04] , [Del08] , [Fré08] are good examples of this. They deal with torsion elements in a similar way to finite group theory, make use of genericity arguments and approach such notions as the Weyl group in this abstract context.
In this paper, we follow the line of [CJ04] , [Del08] and [BD09] while using results and techniques from [Fré08] in order to provide a uniform approach to the analysis of the connected minimal simple groups of finite Morley rank. This approach is based on a four-case division whose criteria are the structure of the Weyl group and the intersections of maximal definable connected solvable subgroups (Borel subgroups) and depends on the following central theorem that will be proven in the third section:
Theorem 3.13 Any non-nilpotent generous Borel subgroup B of a minimal connected simple group G is self-normalizing.
It is well-known in algebraic group theory that Borel subgroups are self-normalizing, a fact for which the finite Morley rank analogue is open. Our partial answer uses information on torsion elements (Weyl group) and the generic behaviour of the simple groups in question. This line of reasoning prevails in the proof of the fourcase division that will be accomplished in the fourth section. The efficiency of our case division and of Theorem 3.12 are illustrated in the fifth section where we obtain general structural information on Carter and Borel subgroups of connected minimal simple groups.
The general approach that underlines this article, and that aims at making efficient and conceptual use of the interplay between torsion elements in a group of finite Morley rank and the generic behaviour of the same group, has a striking application to the classification of the infinite simple ones. The final section contains a new and simpler proof of one of the two main steps of the main result of [BCJ07] , which is the following theorem:
Theorem 6.1.
-If G is a connected minimal simple group of odd type and of Prüfer 2-rank at least two, then G has no strongly embedded subgroup.
The fact that a nontrivial classification theorem has a direct proof as a consequence of the development in this article and its precursors, is convincing evidence that our methods deserve closer attention and are likely to be useful in the work around the Algebraicity Conjecture.
Preliminaries
We will use a variety of notions and results on groups of finite Morley rank. For our readers' convenience, we include most of them in this section with appropriate references. Nevertheless, we assume some familiarity with the basics of groups of finite Morley rank. An excellent, though somewhat aging, reference is [BN94] , while [ABC08] may be of help for more recent developments. The fundamental papers [CJ04] , [BCJ07] , [Del08] may help focus on some of the insights for this article.
Because of the ordinal character of the Morley rank, a group of finite Morley rank satisfies the descending chain condition on definable subgroups: in a group of finite Morley rank, there is no infinite descending chain of definable subgroups. This property allows one to introduce various notions in the abstract context of groups of finite Morley rank, analogous to geometric aspects of algebraic groups. Thus, the connected component of a group G of finite Morley rank, denoted G • and defined as the smallest definable subgroup of finite index, does exist and is the intersection of all definable subgroups of finite index in G. A group of finite Morley rank is said to be connected if it is equal to its connected component.
The connected component of a group is an example of a "large" definable set in that it is of the same rank as the ambient group. In general, a definable subset X of G is said to be generic if RM(X) = RM(G). Intuitively speaking, a connected group is one where generic subsets intersect generically.
Dually, if X is an arbitrary subset of a group G of finite Morley rank, then one defines its definable hull, denoted d(X) as the intersection of all definable subgroups of G containing X. The descending chain condition implies that the definable hull of a set is well-defined and definable. This is a weak analogue of the Zariski closure in algebraic geometry. The notion of a definable hull allows one to define the connected component of an arbitrary subgroup of the ambient group G: if X is subgroup, then X
• is defined as X ∩ d(X)
• , and X is said to be connected if X = X • . Various algebraic properties are preserved as one passes to the definable hull: A definable set in a group G of finite Morley rank is said to be indecomposable if for any definable subgroup H ≤ G whenever cosets of H decompose X into more than one subset, then they decompose it into infinitely many. In particular, an indecomposable subgroup is a connected subgroup. Zil'ber's indecomposability theorem states that indecomposable sets that contain the identity element of the group generate definable connected subgroups. We will use the following corollaries frequently, mostly without mention: 
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It easily follows from this detailed description of abelian groups of finite Morley rank that, in general, groups of finite Morley rank enjoy the property of lifting torsion from definable quotients. More precisely, if G is a group of finite Morley rank, H ≤ G a definable subgroup of G and g ∈ G such that g n ∈ H for some n ∈ N * , where n is assumed to be the order of
and is a π-number with π a set of prime numbers, then there exists g ∈ gH ∩ d(g) such that g is again a π-element. Here, a π-number is a natural number whose prime divisors belong to π, and a π-element is an element whose order is a π-number. This torsion-lifting property will be of crucial use in the analysis of Weyl groups in Section 3 and will be used without mention.
Fact 2.5 has a nilpotent analogue: In general, a p-torus is not definable. It is the direct sum of finitely many copies of Z p ∞ , the Sylow p-subgroup of the multiplicative group of the complex numbers. In particular, the p-elements of order at most p form a finite elementary abelian p-group whose rank is called the Prüfer p-rank of the torus in question.
The choice of terminology, "unipotent" and "torus", is not coincidental. Fact 2.12 (2) shows that the Sylow p-subgroups of a group of finite Morley rank have similarities with those of algebraic groups. These are of bounded exponent when the characteristic of the underlying field is p, and divisible abelian when this characteristic is different from p. In the notation of Fact 2.12 (2), this case division corresponds to T = 1 or B = 1 respectively when the Sylow p-subgroup in question is non-trivial.
A similar case division for the prime 2 has played a major role in developing a strategy to attack parts of the Cherlin-Zil'ber conjecture. In this vein, a group of finite Morley rank is said to be of even type if its Sylow 2-subgroups are infinite of bounded exponent (B = 1, T = 1), of odd type if its Sylow 2-subgroups are infinite and their connected components are divisible (B = 1, T = 1), of mixed type if B = 1 and T = 1 and of degenerate type if they are finite.
The main result of [ABC08] states that a simple group of finite Morley rank that contains a non-trivial unipotent 2-subgroup is an algebraic group over an algebraically closed field of characteristic 2. In this article, we will use this result and refer to it as the classification of simple groups of even type. Despite spectacular advances for groups of odd type, no such extensive conclusion has been achieved. In the degenerate type, it has been shown in [BBC07] The following generalization of a well-known semisimple torsion property of algebraic groups was proven following a similar line of ideas.
Fact 2.14. -[BC08b, Theorem 3] Let G be a connected group of finite Morley rank, π a set of primes, and a any π-element of G such that C G (a)
• does not contain a non-trivial π-unipotent subgroup. Then a belongs to any maximal π-torus of C G (a).
The generic element of a group of finite Morley rank is strongly related to the structure of its tori. A divisible abelian group G of finite Morley rank is said to be: a decent torus if G = d(T ) for T its (divisible) torsion subgroup; a pseudo-torus if no definable quotient of G is definably isomorphic to K + for an interpretable field K. It follows from elementary torsion properties of groups of finite Morley rank that a decent torus is a pseudo-torus. The following remark based on important work of Wagner on bad fields of non zero characteristic was the first evidence of the relevance of these notions of tori. A good torus is a stronger version of a decent torus in that the defining property of a decent torus is assumed to be hereditary. Using the geometry of groups of finite Morley rank provided by genericity arguments that we will outline later in this section, Cherlin and later the third author obtained the following conjugacy results. 
By Fact 2.16 (1), the Prüfer p-rank of a group of finite Morley rank can be defined as the Prüfer p-rank of a maximal p-torus.
We quote the facts about decent and pseudo-tori that we will need. They help illustrate that these more general notions of tori, introduced to investigate more efficiently the structure of groups of finite Morley rank, share crucial properties of tori in algebraic groups, and thus of illuminating what aspects of a notion of algebraic torus influence the structure of algebraic groups. Then the maximal pseudo-torus of
Corollary 2.12] Let T be a pseudo-torus of a connected group G of finite Morley rank. Then C G (T ) is connected and generous in G, and
Before moving from tori to the unipotent side, we introduce a notion that is related to both sides and thus fundamental to the understanding of groups of finite Morley rank: Carter subgroups. In groups of finite Morley rank, Carter subgroups are defined as being the definable connected nilpotent subgroups of finite index in their normalizers.
In a reductive algebraic group, Carter subgroups correspond to maximal tori. Hence, the notion of Carter subgroup offers a possibility to approach properties hal-00711484, version 1 -25 Jun 2012 of algebraic tori in a purely group-theoretic form. Carter subgroups have strong ties with the geometry of groups of finite Morley rank stemming from genericity arguments. We will review some of these connections later in this section around Fact 2.26.
We will need the following results on Carter subgroups: The notions of reduced rank and U 0,r -groups were introduced by the second author in order to carry out an analogue of local analysis in the theory of the finite simple groups. In a similar vein, a theory of Sylow U 0,r -subgroups was developed. The notion of homogeneity was introduced by the third author in his refinement of the unipotence analysis. The following definition lists the notions that will be used in this article:
•
An abelian connected group A of finite Morley rank is indecomposable if it is not the sum of two proper definable subgroups. If A is indecomposable and A = 1, then A has a unique maximal proper definable connected subgroup J(A), and if
A = 1, let J(1) = 1.
• The reduced rank of any abelian indecomposable group A of finite Morley rank is r(A) = rk(A/J(A)). • For any group G of finite Morley rank and any positive integer r, we define
• A group G of finite Morley rank is said to be a U 0,r -group whenever G = U 0,r (G), and to be
Fact 2.20. 
The work of the third author shows that the theory of unipotence is much better behaved when the unipotent groups in question are homogeneous in the sense of Definition 2.19. The following fact is efficient in finding homogeneous groups. As was mentioned earlier, unipotence results are key to developing local analysis in connected minimal simple groups of finite Morley rank. The following major ingredients of local analysis will be used in the sequel. ( 
We close this section with a short overview of the geometric theory of groups of finite Morley rank. Finite groups are discrete structures, and their structure is frequently analyzed using counting arguments that tend to yield conjugacy theorems. On the other hand, density arguments tend to prevail in the realm of algebraic groups, and occasionally result in conjugacy results. In the theory of groups of finite Morley rank one has recourse to both techniques, and occasionally profits from the interplay between the finite and the infinite. A nice example of such an interplay is provided by Weyl groups, the main theme of this article.
The geometric analysis of groups of finite Morley rank mostly involves genericity arguments. A definable subset X of a group G of finite Morley rank is said to be generous in G (or shortly, "generous" in case the ambient group is clear) if the union of its conjugates is generic in G. This notion was introduced and studied in [Jal06] . The following were proven in [Jal06] (1) H is generous in G.
(2) The definable set
As has been mentioned, there is a close connection between conjugacy and genericity although this does not in general necessitate an implication in either direction. The conjugacy results on decent and pseudo-tori go via genericity arguments. In [Jal06] , Jaligot proved the conjugacy of generous Carter subgroups of groups of finite Morley rank. The most general conjugacy result for Carter subgroups that does not depend on the generosity hypothesis was proven in [Fré08] for K * -groups, that is the groups of finite Morley rank all of whose simple definable proper sections are algebraic. Fact 2.18 (4) is the important particular case that deals with the minimal connected simple groups and that we will need in this paper. In general, it remains a major open problem whether one can remove the K * hypothesis. (1) C is generous in G.
(2) C is generically disjoint from its conjugates.
A definable set X is generically disjoint from its conjugates if RM(X\ g∈G\Stab G (X) ) = RM(X). The following observation about minimal connected simple groups illustrates the connection between genericity, Carter subgroups and torsion elements. There are several definitions proposed for Weyl groups in groups of finite Morley rank: in a group G of finite Morley rank, one can consider N G (C)/C where C is a Carter subgroup of G, or N G (T )/C G (T ) where T is a maximal decent or pseudo-torus. In simple algebraic groups, these possibilities yield natural, uniquely defined, robust notions that are also equivalent. This equivalence is not known in an arbitrary simple group of finite Morley rank.
Fact 2.18 (1) or the definition of a decent or pseudo-torus show that one can define a notion of Weyl group in a group of finite Morley rank. Nevertheless, the definition using Carter subgroups cannot yield a uniquely defined notion as long as it is not known whether in general Carter subgroups are conjugate in groups of finite Morley rank, an open problem. Thanks to Fact 2.16, this problem is overcome in the case of the definitions involving tori, and we define the Weyl group W (G) of a group G of finite Morley rank to be N G (T )/C G (T ) where T is any maximal decent torus of G.
Our first target in the present section is to verify that in a minimal connected simple group, the definition of a Weyl group that we have adopted is in fact equivalent to the other above-mentioned possibilities. This will be done mainly in Proposition 3.2 and followed up in Corollaries 3.4 and 3.5.
The second target of this section involves the proof of the central result of this paper. We will use our development of a robust notion of Weyl group to analyze another well-known property of simple algebraic groups ([Hum81, Theorem 23.1]) in the context of groups of finite Morley rank, namely the self-normalization of Borel subgroups. This problem is open even in the context of minimal connected simple groups of finite Morley rank. We will prove in Theorem 3.12 that the property holds in a minimal connected simple group under additional hypotheses.
An important ingredient of our arguments is the conjugacy of Carter subgroups in minimal connected simple groups (Fact 2.18 (4)). We will also need the following fact which can be regarded as a very weak form of self-normalization: 
Proof -Let T be a maximal decent torus of G. Then T is contained in a Carter subgroup of G (Fact 2.18 (2)) and, by the conjugacy of Carter subgroups (Fact 2.18 (4)), we may assume T ≤ C. By Fact 2.6, we have C ≤ C G (T )
• . If T is non-trivial, then C G (T ) is a connected solvable subgroup of G by Fact 2.17 (3). In particular C is self-normalizing in C G (T ) (Fact 2.18 (5)), and Fact 2.18 (3) and a Frattini Argument yield
Hence we obtain
Suppose now that T = 1, that is, G contains no non-trivial decent torus (Fact 2.16 (1)).
We assume toward a contradiction that N G (C)/C is non-trivial. Then there is a prime p dividing the order of N G (C)/C. Let S be a Sylow p-subgroup of G.
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Since there exists no non-trivial decent torus in G, Fact 2.12 (2) implies that S
• is a p-unipotent subgroup of G. 18 (4) ). By the conjugacy of Carter subgroups in B (Fact 2.18 (3)), the self-normalization of C in B (Fact 2.18 (5)), and a Frattini Argument, we obtain N G (B) = BN G (C) and This result has the following consequence, which is similar to a classical result for algebraic groups [Hum81, Exercise 6 p.142].
Corollary 3.3. -If C is a Carter subgroup of a minimal connected simple group G, then C is a maximal nilpotent subgroup.
Proof -Let D be a nilpotent subgroup of G containing C. By Fact 2.1, we may assume D is definable. Since N G (C)/C is finite, Fact 2.7 implies that C has finite index in D, and thus C = D
• . Let T be the maximal decent torus of C. Then T is maximal in G by Fact 2.18 (2) and (4). Thus, if T = 1, then Proposition 3.2 gives N G (C) = C and D = C. On the other hand, if T = 1, then C G (T ) is a connected solvable group by Fact 2.17 (3), and it contains D (Fact 2.6). Now, by Fact 2.18 (5), we obtain D ≤ N C G (T ) (C) = C, proving the maximality of C.
Corollary 3.4. -Let G be a minimal connected simple group, and let S be a nontrivial p-torus for a prime p. Then N G (S)/C G (S) is isomorphic to a subgroup of W (G). Moreover, if S is maximal, then we have N G (S)/C G (S) W (G).
Proof -By Fact 2.18 (2), S is contained in a Carter subgroup C of G. By Fact 2.6, we have C ≤ C G (S)
• . Since S is non-trivial, then C G (S) is a connected solvable group Fact 2.17 (3), and C is self-normalizing in C G (S) (Fact 2.18 (5)).
Now a Frattini Argument yields N G (S) = C G (S)N N G (S) (C), and N G (S)/C G (S) is isomorphic to a subgroup of N G (C)/C W (G).
Moreover, if S is maximal, then S is characteristic in C, and we have
Corollary 3.5. -Let G be a minimal connected simple group, and let T be a maximal pseudo-torus of G. Then W (G) is isomorphic to N G (T )/C G (T ).
Proof -When T = 1, we proceed as in the first paragraph of the proof of Proposition 3.2. By Facts 2.18 (2) and 2.17 (2), T is a central subgroup of a Carter subgroup C of G. If T is non-trivial, then Fact 2.17 (4) and Fact 2.18 (3) and
T ). It then follows from Proposition 3.2 that W (G) N G (T )/C G (T ).
Suppose now that T = 1. Note that in general, every decent torus is a pseudotorus. Thus by Fact 2.16 (2), every maximal decent torus in G is trivial as well. It follows that both N G (T )/C G (T ) and W (G) are trivial. Now, we move on to the problem of self-normalization of Borel subgroups. We will need several results from [Del08] and [BD09] , that we will present in a form more suitable for our needs.
We begin by reformulating a large portion of the main theorem of [Del08] . In doing so, we will use the conjugacy of Carter subgroups of minimal connected simple groups and some of the preceding results. For the sake of completeness, we detail how these new ingredients intervene in the proof together with Fact 2.17 (3). • G PSL 2 (K) for an algebraically closed field K of characteristic p = 2;
• |W (G)| = 1, and the Prüfer 2-rank of G is one; • |W (G)| = 2, the Prüfer 2-rank of G is one, and G has an abelian Borel subgroup C; • |W (G)| = 3, the Prüfer 2-rank of G is two, and the Carter subgroups of G are not Borel subgroups.
Proof -First we note that, by Fact 2.17 (3) and Corollary 3.4, our definition of a Weyl group is equivalent to the one of [Del08, Théorème-Synthèse].
If the Prüfer 2-rank of G is one and if W (G) is non-trivial, then, by [Del08, Théorème-Synthèse] (1), either we have G PSL 2 (K) for an algebraically closed field K of characteristic p = 2, or G has an abelian Borel subgroup C such that N G (C) = C i for an involution i inverting C. In particular, we have |W (G)| = 2.
Hence we may assume that the Prüfer 2-rank of G is at least two. By [Del08, Théorème-Synthèse], the Prüfer 2-rank of G is two and we have |W (G)| = 3. Let S be a Sylow 2-subgroup of G. Since G is of odd type, S
• is a non-trivial 2-torus, it is contained in a Carter subgroup C of G (Fact 2.18 (2)), and S
• is central in C (Fact 2.6). Since [Del08, Théorème-Synthèse] (2) says that
• is abelian and divisible, we obtain C = C G (S • )
• . Moreover, [Del08, Théorème-Synthèse] (2) says that C is not a Borel subgroup, so no Carter subgroup of G is a Borel subgroup by Fact 2.18 (4).
As for [BD09] , the second part of the following fact, rather than the cyclicity of the Weyl group, will be needed in the sequel. 
] Let G be a minimal connected simple group, T a maximal decent torus of G, and τ the set of primes p such that Z p ∞ embeds into T . Then W (G) is cyclic, and has an isomorphic lifting to G. Moreover, no element of τ divides |W (G)|, except possibly 2.
The results of [BD09, §3] do not need that the group G be degenerate, but just that |W (G)| be odd. This increases their relevance for us in conjunction with results from [BC08b] . In particular, the following fact holds. It is worth noting that point (3) of Fact 3.8 is true even when W (G) is of even order.
The following lemma does not necessitate minimal simplicity. 
Proof -By Fact 2.4, B is non-trivial, so N G (B)
• is solvable and B is a Carter subgroup of G.
Let B 0 be a generous Borel subgroup of G. Then B 0 contains a Carter subgroup C of G (Lemma 3.9), and Fact 2.18 (4) implies that B is conjugate to C, thus to B 0 . The generic disjointness follows from Fact 2.25. Now, we prove the self-normalization theorem. In the end of the proof, as noted there as well, we could quote Fact 3.7 to finish quickly. Nevertheless, we will give a slightly longer but direct argument for two reasons. The first is that the quick ending is in fact longer in that it uses the full force of [BD09] , which we do not need here. The second and more important reason is that in Section 6, as explained after Fact 6.4, it will be crucial to have a self-normalization argument that deals with the special case when the Weyl group is of odd order in order to avoid referring to [Del08] . We achieve this goal by reducing the proof of Theorem 3.12, at the end of its first paragraph, to the case where the Weyl group of the ambient group is of odd order, and then avoid using any argument that necessitates the use of [Del08] , in particular the full force of [BD09] . The care about the hypothesis in Fact 3.8, that assumes the Weyl group to be of odd order, is also part of these efforts.
The direct approach will use the following classical result: Proof -We consider a non-nilpotent generous Borel subgroup B of a minimal connected simple group G. If |W (G)| is even, then Fact 2.13 and the classification of simple groups of even type shows that either B is self-normalizing, or G is of odd type. In the second case, Fact 3.6 and Lemma 3.10 imply that G PSL 2 (K) for an algebraically closed field K, so B is self-normalizing. Hence we may assume that |W (G)| is odd.
We assume toward a contradiction that B is not self-normalizing. By Lemma 3.9, B contains a (generous) Carter subgroup C of G. By Fact 2.18 (3) and a Frattini argument, we have N G (B) = BN N G (B) (C), so C is not self-normalizing, and the Weyl group of G is non-trivial (Proposition 3.2) . Moreover |N G (B)/B| divides |W (G)|. Let T be the maximal decent torus of C. By Facts 2.18 (4) and 3.8 (2), T is a maximal decent torus of G and we have C = C G (T ).
Let p be a prime divisor of
In particular we have w ∈ N G (T ) \ C G (T ) and, by Fact 3.8 (3), the maximal p-torus R of T is non-trivial of Prüfer p-rank 1 or 2.
At this point, Fact 3.7 allows to finish the proof since it yields a contradiction. As was explained above, we will not do this and give a more direct final argument.
It is a p-torus and we have w ∈ C G (R 0 ). Moreover, we have 
Then, since we have p = 2, Fact 3.11 implies p = 3. But |W (G)| is odd, so p is the smallest prime divisor of |W (G)|, contradicting Fact 3.8 (1). The proof is over.
We use local analytic methods to refine our understanding of the relationships between Carter subgroups of minimal connected simple groups, the Borel subgroups containing these and the Weyl group of the ambient group. The conclusions in the remainder of this section will not be used in the following sections.
Proposition 3.13. -Let H be a subgroup of a minimal connected simple group G. If H contains a Carter subgroup C of G, then H is definable, and either it is contained in N G (C), or it is connected and self-normalizing.
Proof -We may assume that H is proper in G. First we show that H is definable. The subgroup H 0 generated by the conjugates of C contained in H is definable and connected by Fact 2.2. Since H has been assumed to be proper and G is a minimal simple group, H 0 is solvable. By conjugacy of Carter subgroups in H 0 (Fact 2.18 (3)) and a Frattini argument, we obtain H = H 0 N H (C). Thus H 0 has finite index in H, so H is definable. Note also that H • = H 0 . From this point on, we will assume that H is not contained in N G (C). We note that this assumption implies H • N G (C). Thus, if the result holds for connected groups, then H
• is self-normalizing, and we have H = H • . Hence we may assume that H is connected. In particular, H is solvable.
We assume that H is a maximal connected counterexample to the proposition. Since the conjugacy of Carter subgroups in H (Fact 2.18 (3)) and a Frattini argument yield N G (H) = HN N G (H) (C), the quotient group N G (H)/H is isomorphic to hal-00711484, version 1 -25 Jun 2012 a subgroup of W (G) by Proposition 3.2, and W (G) is non-trivial. By Facts 2.27 and 2.18 (4), C is generous in G.
We consider a Borel subgroup B containing H. By Fact 2.18 (5), the subgroup B does not contain N G (H). Since B contains H > C, it is non-nilpotent and generous in G. So it follows from Theorem 3.12 that B is self-normalizing, and we obtain H < B.
We will denote by U and V respectively, either U p (B) and U p (H) in case U p (H) is non-trivial for some prime number p, or U 0 (B) and U 0,r0(B) (H). In particular,
• . Hence V is trivial, and H centralizes U by Facts 2.10 and 2.20 (2). Thus we have N G (H )
• > H, and the maximality of H provides
• . On the other hand, H is non-trivial since H > C is non-nilpotent. Then Fact 2.18 (5) implies
• . This finishes our proof.
The following strengthens Fact 3.8 (2):
Corollary 3.14.
-Let G be a minimal connected simple group with a non-trivial Weyl group, and let T be a non-trivial maximal p-torus of G for a prime p. Then C G (T ) is a Carter subgroup of G.
Proof -Since W (G) and T are non-trivial, C G (T ) is not self-normalizing by Corollary 3.4. But Facts 2.18 (2) and 2.6 show that C G (T ) contains a Carter subgroup C of G, so C G (T ) is contained in N G (C) by Proposition 3.13. Since C G (T ) is connected by Fact 2.17 (3), we obtain the result.
Furthermore, when W (G) is of odd order, we may slightly refine this result. Since this corollary will not be needed later, we will allow ourselves to use Fact 3.7. We emphasize that this application will not use the full force of this fact, namely the cyclicity of the Weyl group.
Corollary 3.15. -Let G be a minimal connected simple group, let T be a nontrivial maximal p-torus of G for a prime p, and let
V = x ∈ T | x p = 1 . If W (G) is
non-trivial and of odd order, then C G (V ) is a Carter subgroup of G.
Proof -By Corollary 3.14, C = C G (T ) is a Carter subgroup of G. Then T is a characteristic subgroup of C, and since V is characteristic in T , we find
• does not contain N G (C). In particular, by the previous paragraph, N G (V ) is not connected, and Proposition 3.13 implies
At this stage, we have
is finite and of odd order, and Fact 3.7 shows that p does not divide its order.
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It is well-known that any finite p -group of automorphisms of a finite abelian p-group P , which acts trivially on the set of the elements of order p of P , is trivial (see for example, [Gor68, Theorem 2.4, p. 178]). Thus, C G (V ) centralizes the finite subgroups x ∈ T | x p n = 1 of T for each n ∈ N. It follows that C G (V ) centralizes T , and we obtain C G (V ) = C G (T ) = C as desired.
Tetrachotomy theorem
In Theorem 4.1, we will carry out a fine analysis of minimal connected simple groups according to two criteria. The first criterion is the existence of a non-trivial Weyl group. This criterion is motivated by the important role played by Weyl groups in minimal connected simple groups of finite Morley rank. When the Weyl group is non-trivial, it determines many structural aspects of the ambient group as was exemplified in the classification of simple groups of even type or in [Del08] . On the other hand, when it is trivial, the ambient group has very high chances of being torsion-free, and the arguments tend to use the geometry of G as in [Fré08] .
Our second criterion is the size of the intersections of Borel subgroups. It was already noticed in [Jal01] that the lack of intersection between Borel subgroups makes it very difficult to analyze minimal connected simple groups. "Large" intersections, like in the classification of the finite simples groups, allow a certain kind of local analysis. We have set the following concrete criterion in order to measure whether a minimal connected simple group admits largely intersecting Borel subgroups: the absence of a Borel subgroup generically disjoint from its conjugates other than itself.
The following In the sequel, by "type (i)" we will mean one of the four types caracterized in Theorem 4.1. hal-00711484, version 1 -25 Jun 2012
• The minimal connected simple groups with a nongenerous Carter subgroup are of type (2) and are analyzed in [Fré08] .
• The group PSL 2 (K) for an algebraically closed field K, is of type (4).
• By Fact 2.13, the classification of simple groups of even type, and Theorem 4.1, a non-algebraic minimal connected simple group with involutions is of odd type and not of type (2). But the existence of a minimal connected simple group with involutions and either of type (1), or of type (3), or not algebraic and of type (4), is an open problem (compare Fact 3.6 and Theorem 4.1). Furthermore, the description of three pathological configurations by Deloro in [Del08] (see Fact 3.6) corresponds to the groups of type (1), (3) and (4) respectively.
The following technical lemma is general and will provide the main argument for the first parf of the proof of Theorem 4.1.
is generically disjoint from its conjugates in G and almost self-normalizing. Then H is almost self-normalizing and generically disjoint from its conjugates in G.
We first prove that if B is a generous Borel subgroup of G, then it is generically disjoint from its conjugates in G. The core of the argument is provided by Lemma 4.3. We will apply it in the special case of a pair C ≤ B where B is a generous Borel subgroup of G and C is a Carter subgroup of B. For such a pair, Facts 2.26 (2) and 2.23 (3) imply that C is generous in B and then in G. It then follows from Fact 2.23 (1) that C is a Carter subgroup of G. Since C is generous, by Fact 2.25 it is generically disjoint from its conjugates in G. Finally, the assumption of Case I and Proposition 3.2 imply that N G (C) = C ≤ N G (B). In fact, one can rapidly deduce that both B and C are self-normalizing. After this preparation, Lemma 4.3 yields that B is also generically disjoint from its conjugates in G.
If G is of type (2), the preceding paragraph shows that G has no generous Borel subgroup. In particular, G has no generous Carter subgroup, and G is torsion-free by Fact 2.27.
If G is of type (1), it remains to prove that G has a generous Carter subgroup. But a Borel subgroup B of G, generically disjoint from its conjugates, is generous in G by Fact 2.24. Hence G has a generous Carter subgroup by Lemma 3.9.
Case II: G is of type (3) or (4).
In this case, G is not torsion-free, and its Carter subgroups are generous by Facts 2.27 and 2.18 (4).
If G is of type (3), we show that its Carter subgroups are generous Borel subgroups. Let B be a Borel subgroup of G generically disjoint from its conjugates. If G is of type (4), then G has no nilpotent Borel subgroup by Lemma 3.10. Indeed, a nilpotent Borel subgroup of G would be a Carter subgroup of G, and as we have already noted, in types (3) and (4), the Carter subgroups of G are generous, thus generically disjoint from their conjugates. This last conclusion contradicts the assumption (4).
Structure of Carter subgroups in simple groups of type (4)
As Remark 4.2 suggests, minimal connected simple algebraic groups over algebraically closed fields are of type (4). Thus, one expects simple groups of type (4) to have properties close to those of algebraic groups. The following result provides evidence in this direction by refining the structural description of a Carter subgroup of a group of type (4). 
Proof -Let C be a Carter subgroup of G, and let B be a Borel subgroup containing C such that either U q (B) is non-trivial for a prime q, or the integer r = r 0 (B) is maximal for any such Borel subgroup. By Lemma 3.10, B is nonnilpotent and we have B = C. Since W (G) is non-trivial, Proposition 3. 
and • is maximal among all the choices of distinct Borel subgroups B 1 and B 2 . Since B 1 and B 2 contain H 0 , they contain C, and they are generous in G. Since r 0 (H 0 ) = r, the maximality of r yields r 0 (H) = r 0 (B 1 ) = r 0 (B 2 ) = r. Thus, by Fact 2.20 (1), U 0 (H) ≤ F (B 1 ) ∩ F (B 2 ). In particular, this intersection is non-trivial. But Fact 2.22 (2) implies that F (B 1 ) ∩ F (B 2 ) = 1, a contradiction.
A classification theorem
In this section we apply a particular case of Theorem 3.12 to a concrete classification problem and achieve a conceptual streamlining in the proof of a well-known theorem in the theory of simple groups of finite Morley rank. We will provide a new proof of one of the main ingredients of the analysis of strongly embedded subgroups in [BCJ07] :
Theorem 6.1. -If G is a connected minimal simple group of odd type and of Prüfer 2-rank at least two, then G has no strongly embedded subgroup.
Our new proof is direct and simple. It can also be expected that the main lines of the argument presented below will be generalized to other concrete problems in the analysis of simple groups of odd type.
The notion of strong embedding was imported from finite group theory, and turned out to be almost as effective a tool as in its homeland. In order to appreciate its importance, it suffices to consult Section 10.5 of [BN94] , [ABC08] or [BCJ07] . We will be content with saying that a simple group of finite Morley rank with a strongly embedded subgroup is conjectured to be isomorphic to PSL 2 (K) where K is algebraically closed of characteristic 2, and the strongly embedded subgroups are the Borel subgroups. The following is one of the many equivalent definitions: Note that it follows from the definition that a strongly embedded subgroup is self-normalizing. The presence of a strongly embedded subgroup imposes strong limitations on the structure of a group of finite Morley rank the most decisive of which concern involutions: We will need from [BCJ07] the following three ingredients. The first two are general lemmas proven early in that article while the last one is the theorem that constitutes its "Case I". Apart from this important ingredient, our proof will be only using [BD09] . This use necessitates a certain care as we will try to avoid any reference to [Del08] since such a reference will potentially involve an implicit use of [BCJ07] and thus, a vicious circle. This special care is the reason why we verify towards the end of the proof that the Weyl group is of odd order. As was explained before Fact 3.11, in this particular case Theorem 3.12 has a proof using the relevant parts of [BD09] that do not use [Del08] .
The rest of the ingredients are of a more general nature around genericity arguments such as Fact 2.14.
Proof of Theorem 6.1 -By way of contradiction, let us suppose that G contains a strongly embedded subgroup M . By Fact 6.4 (1) and (2), M
• is a generous Borel subgroup of G.
By Fact 2.14, every 2-element in a group of odd type is contained in the connected component of its centralizer. It then follows from Fact 6.3 (1) that M
• contains all the 2-elements of M . Thus M/M
• is of odd order.
Next, we prove that W (G) is of odd order. Let C be a Carter subgroup of M
• . By Lemma 3.9, C is also a Carter subgroup of G, and Facts 2.18 (2) and (4) show that C contains a maximal 2-torus of G. Thus, the Sylow 2-subgroup T of C is nontrivial, and since T is characteristic in C, Fact 6.3 (1) implies that M contains N G (C). Since C is self-normalizing in M
• by Fact 2.18 (5), the quotient N G (C)/C is isomorphic to a subgroup of M/M
• , which is of odd order by the previous paragraph. It follows using Proposition 3.2 that W (G) is of odd order.
We show that M • is not nilpotent and that M is not connected. Since G has odd type, I(Z(F (M • ))) is finite, so it is central in M • , and At this stage, Theorem 3.12 yields a contradiction. As W (G) has odd order, the remarks preceding Fact 3.11 show that we have avoided applications of [Del08] and hence of [BCJ07] as well.
